ASYMPTOTIC SEQUENTIAL TESTS FOR REGULAR FUNCTIONALS OF DISTRIBUTION FUNCTIONS* PRANAB KUMAR SEÑ
The theory of asymptotic sequential likelihood ratio tests for composite hypotheses, developed by Bartlett [3] and Cox [6] , among others, is extended here to cover a broad class of regular functionals of distribution functions. Various properties of the proposed sequential tests are studied and compared with those of some alternative procedures. A few applications are sketched.
. Consider a sequence {X I 'X 2 ' ... } of independent and identically distributed random vectors (i.i.d.r.v.) having a p(~l)-variate distribution function (d.f.) F(x), XER P , the p-dimensional Euclidean space. Assuming that the form of F is specified and it involves only a set of unknown parameters, Bartlett [3] and Cox [6] considered large sample sequential likelihood ratio tests (SLRT) for a parameter while treating the others as nuisance parameters.
Basically, these procedures are quasi-sequential; starting with an initial sample (of at least moderately large size), observations are drawn sequentially until a terminal decision is reached.
In a broad class of nonparametric problems, the form of F is not known; it is only assumed that F belongs to some suitable family~of d.f. on R P • In this setup, (estimable) parameters are defined as functionals of F, defined on :r; we may refer to Halmos [7] , von Mises [9] and Hoeffding [8] , for details .
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The fact that the functional form of F is unknown makes it difficult to adapt the probability ratio or the likelihood ratio principle underlying the classical sequential testing theory. Nevertheless, it is shown here that for testing a null hypothesis H O : 8(F)=8 0 against HI: 8(F)=8 l , where 8(F) is a regular functional (estimable parameter) of F, by the same motivation as in Bartlett [3] and Cox [6] , sequential tests can be constructed, which for every pair (8 0 ,
8 0 +8 1 , of parameters, terminates with probability one, and which for 8 1 approaching to 8 0 , enjoy all the basic properties of the SLRT.
Along with the preliminary notions, the proposed tests are described in section 2. 
We desire to provide a sequential test for
Our proposed tests are based on the natural estimates of 8(F), considered (2.6) earlier by von Mises [7] and Hoeffding [8] , among others. For a sample (XI, ... ,X n ) of size n, define the empirical d.f.
where for a p-vector u, c(u)=l if all the p coordinates of u are non-negative and c(u)=O, otherwise. Then, von Mises' differentiable statistical function 8(F ) is defined as n
Rpm m n n m (2.8) 
We motivate our proposed sequential tests by the same principle underlying the asymptotic sequential likelihood ratio tests of Bartlett [3] and Cox [6] .
If F is of specified form involving as parameters 8(under test) and o(nuisance), these authors working with the ratio of the two maxima of the likelihood function were able to approximate the same, at the n-th stage, by (2.10) A parallel sequential procedure based on 8(F ) may be posed as follows.
, l~i~n, and let n n m
Then, in the second procedure, we replace, in (2.13), U by e(F ) and s by n n n s*, while the rest remains the same. It will be seen later on that the two n procedures have asymptotically (as 6~0) the same properties.
The heuristic proposal made above is justified theoretically in the next two sections.~.
We have the following theorem.
. Under (2.5), both the procedures terminate with probability one i.e., for every (fixed) e(F) and 6(>0), P{N(6»nle(F)} + 0 as n~.
Proof. By definition in (2.13), for every n>n O '
where P e stands for the probability computed for e(F)=8. Now, we have three
We know that {U } being a reverse martingale sequence (cf. Berk [4] ) converges n almost surely (a.s.) to 8(F) as n~. Also, Sproule [14] has strengthened 2 (2.12) to sn~sl (F) a.s. as n~.
• a.s. converge to zero as n~; on the other hand, in cases (a) and (b), 
where K(>l) is a finite constant. We may remark that if 8(F)~I6' then asymptotica11y the OC function will be either very close to zero or to one, and hence, will cease to be of any statistical interest. Further, looking at (2.13) and the a.s. convergence of (i) Un to 8(F) and (ii) s~to sl(F), we are confident that as 6+0, a terminal decision will not be reached (in probability) at an early stage. Consequently, there is no harm in letting nO(=nO(6»~as 6+00, but at a slower rate as compared to the ASN of N(6). We shall see later on that the -2 ASN of N(6) increases at a rate of 6 as 6+0. Hence, we assume that 00 but o. • These assumptions are also implicitly needed to justify rigorously the procedure of Bartlett [3] and Cox [6] . . . Now, using the reverse martingale property of U-statistics (cf. [4] ), and thereby applying the Chow extension of the Hajek-Renyi inequality (as in Sen [11] , (3.6», the first term of (4.11) can be easily shown to be bounded by
.::. COE .::. E', where Co <00, independently of lI, E and n.
Thus, for every 8>0, there exists an E>O, such that (4. L3)
• Again, as in (3.1), for every 8(F) EI lI , (4.14) n=n (2) limA~O P {n(1)(6) < N(6) < n(2)(6)} > 1-0. follows that (4.16) also holds for N*(6). Further, sn+Sl (F) a.s. as n-xJo, and hence, as 6+0, for all n6l)(6)~n~n62)(6), IS~-Sl (F)/+O, with probability one. 
r t nO~r~nO (6), we may, after using the results in Sen [12] , conclude that the process weakly converges to a Brownian movement process~(t;6)t where For small 6 t the excess over the boundaries can be neglected t so that A = (1-S)/a+0(6), B = S/(1-a)+0 (6) In addition to (2.5), we assume that for some 8>0,
V(F)
for all (4.23)
It may be remarked that in the classical SPRT, Wald [16] , while computing the ASN assumed the existence of the moment generating function of the logarithm of the density ratio, and (4.23) is no more restrictive than that. Our next theorem relates to the rate of growth of the ASN when 8(F) +~(80+8l). The above proof fails when ¢=~. However, if Along the same line as in Sproule [14] , who extended the Chow-Robbins [5] theory of bounded-length confidence intervals to V-statistics, it follows that hypothesis that x(l), x(2) are stochastically independent i.e., (6.6) Various alternative hypotheses may be framed to test for departure from independence. This may be the usual correlation between x(l), x(2), or the grade correlation {for definition etc., see [8 ] }, or some sort of association of the two variates. We consider here a simple case; the other cases follow on parallel lines.
Let us define the probability of concordance by
where we assume that F is continuous. 
which are concordant with X., l<i<n, so that
Then, by (2.11) and (2.12), we have here
Thus, we can again proceed as in section 2. Since under (6.7), 1';1 (F) = 1
9'
for small~, we may replace s~by t in the definition of N(~). n-l i=l n,io n ' n,2 n-l j=l n,oj n . 
